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Abstract
We study the microcausality of free Dirac field on noncommutative spacetime.
We calculate the vacuum and non-vacuum state expectation values for the Moyal
commutator [ψα(x) ⋆ ψβ(x), ψσ(x
′) ⋆ ψτ (x
′)]⋆ of Dirac field on noncommutative
spacetime. We find that they do not vanish for some cases of the indexes for
an arbitrary spacelike interval, no matter whether θ0i = 0 or θ0i 6= 0. However
for the physical observable quantities of Dirac field such as the Lorentz scalar
: ψ(x) ⋆ ψ(x) : and the current jµ(x) =: ψ(x)γµ ⋆ ψ(x) : etc., we find that they
still satisfy the microcausality. Therefore microcausality is satisfied for Dirac field
on noncommutative spacetime.
PACS numbers: 11.10.Nx, 03.70.+k
1 Introduction
In recent years, noncommutative field theories (NCFTs) have caused a lot of researches
[1-5]. NCFTs have many different properties from that of the commutative spacetime field
theories, such as the locality and unitarity. The spacetime noncommutativity is described
by the commutation relations of the spacetime coordinates
[xµ, xν ] = iθµν , (1.1)
where θµν is a constant real antisymmetric matrix with the dimension of square of length. For
NCFTs, their Lagrangians can be obtained through replacing the ordinary products between
field functions by the Moyal star-products. The Moyal star-product of two functions is given
by
f(x) ⋆ g(x) = e
i
2
θµν ∂
∂αµ
∂
∂βν f(x+ α)g(x+ β)|α=β=0
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1
= f(x)g(x) +
∞∑
n=1
(
i
2
)n 1
n!
θµ1ν1 · · · θµnνn∂µ1 · · ·∂µnf(x)∂ν1 · · ·∂νng(x) .
(1.2)
In noncommutative spacetime, there may exist the interactions and waves with the prop-
agation speed faster that the speed of light up to infinite [6-8]. This is because of the UV/IR
mixing [9] and nonlinear interactions in NCFTs. We hope to study for the free fields on
noncommutative spacetime whether there exist the information and interaction with the
transmit speed faster than the speed of light. This can be acquainted from the microcausal-
ity of quantum fields on noncommutative spacetime. If the microcausality of free quantum
fields on noncommutative spacetime is violated, then for the free fields on noncommutative
spacetime, there exist the information and interaction with the transmit speed faster than
the speed of light.
According to superstring theories, people usually consider that the noncommutative pa-
rameters θµν are invariant constants. This will make the Lorentz invariance be violated for
noncommutative field theories generally, except that a subgroup SO(1, 1) × SO(2) of the
usual Lorentz group can be maintained for certain special forms of the parameters θµν [10].
In Ref. [10], the authors constructed the SO(1, 1) × SO(2) invariant spectral measure for
the Fourier expansions of quantum fields on noncommutative spacetime. This makes the
microcausality of quantum fields on noncommutative spacetime be formulated with respect
to the SO(1, 1) light wedge. Because inside the light wedge, there are areas outside the light
cone. Thus microcausality of quantum fields on noncommutative spacetime will be broken
in the area of the light wedge outside the light cone. This results the existence of infinite
propagation speed of free fields inside the light wedge. In Ref. [11], the authors pointed out
that even the SO(1, 1) microcausality may be violated to consider the renormalization of the
propagators. In Ref. [12], the authors generalized the axiom of Ref. [10] for the microcausal-
ity of quantum fields on noncommutative spacetime in accordance with the SO(1, 1)×SO(2)
invariance.
It is necessary to point out that the infinite propagation speed of free fields on non-
commutative spacetime of Ref. [10] is a necessary result of the breakdown of the Lorentz
invariance, i.e., the breakdown of the usual Lorentz invariance of the spectral measure for the
Fourier expansions of quantum fields. However there are doubts that whether the spectral
measure for free fields on noncommutative spacetime is really in the form of SO(1, 1)×SO(2)
invariance as that constructed in Ref. [10]. Certes if the noncommutative parameters θµν are
invariant constants, then Lorentz invariance of NCFTs will be destroyed [13,14]. However,
there are possibilities that Lorentz invariance is maintained for NCFTs if we suppose that
θµν carries tensor indexes. In Ref. [15], the authors suppose that θµν is a tensor operator and
have constructed the Lorentz invariant NCFTs. In Refs. [16,17], the authors demonstrated
the Lorentz invariance and unitarity for NCFTs to take θµν to be a tensor operator as that
proposed in Ref. [15]. In Ref. [18], the authors demonstrated that Lorentz invariance can be
maintained for the classical field equations of NCFTs if one take θµν to be a c-number tensor
while not as an operator. In fact we can also demonstrate that Lorentz invariance is main-
tained for the S-matrixes of NCFTs if we take θµν to be a c-number tensor. On the other
hand, the breakdown of Lorentz invariance has not been discovered yet in the experiments
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up to now [19]. It seems that Lorentz invariance is a more fundamental principle of physics,
although it may not be so for a large scale structure of the universe, it should be satisfied in
the local area of the universe. From the superstring theories, to take θµν to be a c-number
tensor means that the background NS-NS B-field changes as a second-order antisymmetric
tensor when the reference system changes. On the other hand, it is necessary to point out
that the nonlocality of NCFTs can be exist in accordance with the Lorentz invariance. The
nonlocality of NCFTs does not mean that Lorentz invariance may be necessarily broken for
NCFTs.
Therefore we do not suppose that the spectral measure for the Fourier expansions of free
fields on noncommutative spacetime is in the form of SO(1, 1)× SO(2) invariance as that
of Ref. [10]. As discovered in Ref. [20], in fact the light wedge can be resulted from the
nonlocal interactions of NCFTs. For example for a six-dimensional theory, the usual Lorentz
invariance can be reduced to SO(3, 1) × SO(2) from the nonlocal interactions of NCFTs.
Similarly, the light wedge of SO(1, 1)×SO(2) can be resulted from the nonlocal interactions
of a four-dimensional NCFT. Therefore we would rather think that the spectral measure of
the SO(1, 1)×SO(2) invariance for the Fourier expansions of free fields on noncommutative
spacetime is an effective result that resulted from the nonlocal interactions of NCFTs.
As pointed above, we hope to study whether there exist the information and interaction
with the transmit speed faster than the speed of light for free fields on noncommutative space-
time through the microcausality property of quantum fields on noncommutative spacetime.
We expand the free fields according to their usual form as that in the ordinary commutative
spacetime. Another reason for us to take the Fourier expansion of quantum fields on non-
commutative spacetime in their usual form is that in most occasions for the perturbative
calculations of NCFTs in the literature, the propagators of quantum fields on noncommuta-
tive spacetime are obtained based on the usual Lorentz invariant spectral measures for the
expansion of quantum fields. For the microcausality of the free scalar field on noncommuta-
tive spacetime, some results are obtained in Refs. [21-23]. In Ref. [22], Greenberg obtained
that microcausality is violated for scalar field on noncommutative spacetime generally even
if θ0i = 0. However we have pointed out in Ref. [23] that there are some problems for the
arguments of Ref. [22] for the result of the microcausality violation. In Ref. [23] we obtained
that microcausality is violated for the quadratic operators of scalar field on noncommutative
spacetime only when θ0i 6= 0. In this paper, we will study the microcausality of free Dirac
field on noncommutative spacetime.
The spacetime noncommutative relations (1.1) is defined for coordinates of the same
spacetime point. Because we will calculate the commutators of two operators on two different
spacetime points in the following, we need to generalize the noncommutative relations (1.1)
to two different spacetime points. Therefore we suppose
[xµ1 , x
ν
2] = iθ
µν . (1.3)
This make us possible define the Moyal star-product of two functions on two different space-
time points as [5]
f(x1) ⋆ g(x2) = e
i
2
θµν ∂
∂αµ
∂
∂βν f(x1 + α)g(x2 + β)|α=β=0
3
= f(x1)g(x2) +
∞∑
n=1
(
i
2
)n 1
n!
θµ1ν1 · · · θµnνn∂µ1 · · ·∂µnf(x1)∂ν1 · · ·∂νng(x2) .
(1.4)
A demonstration for the self-consistency of the commutative relations (1.3) with (1.1) is
given in the Appendix.
The content of this paper is organized as follows. In Sec. II, we analyze the crite-
rion of microcausality violation for quantum fields on noncommutative spacetime. In Sec.
III, we calculate the vacuum state expectation value for the Moyal commutator [ψα(x) ⋆
ψβ(x), ψσ(x
′) ⋆ ψτ (x
′)]⋆ of free Dirac field on noncommutative spacetime. We find that they
do not vanish in some cases for an arbitrary spacelike interval, no matter whether θ0i = 0
or θ0i 6= 0. However for the physical observable quantities of Dirac field such as the Lorentz
scalar : ψ(x) ⋆ ψ(x) : and the current jµ(x) =: ψ(x)γµ ⋆ ψ(x) :, we find that they still sat-
isfy the microcausality. In Sec. IV, we generalize the result of Sec. III to the non-vacuum
state expectation values and obtain that microcausality is satisfied for free Dirac field on
noncommutative spacetime generally. Sec. V is the conclusion. In the Appendix, we give a
demonstration for the self-consistency of the commutative relations (1.3) with (1.1).
2 The criterion of microcausality violation
In this section, we first analyze the measurement of quantum fields on noncommutative
spacetime and the criterion of microcausality violation. We need to point out that in the
left hand sides of Eqs. (1.2) and (1.4), the coordinates xµ are regarded as noncommutative
operators that satisfying the commutation relations (1.1) and (1.3). In the right hand sides
of Eqs. (1.2) and (1.4), after the expansion of Moyal star-products, the coordinates xµ are
treated as the ordinary commutative c-numbers, i.e., the experientially observable spacetime
coordinates. To be clearer, we may write the coordinates in the left hand sides of Eqs. (1.2)
and (1.4) as xˆµ, in order to indicate that they are operators. However we do not use the
sign xˆµ for the left hand sides of Eqs. (1.2) and (1.4), as well as in Eqs. (1.1) and (1.3).
We do not discriminate them in signs and through out this paper. We consider that their
prescribed meanings in different places are clear.
For quantum field theories, as well as quantum mechanics, what the observer measures
are certain expectation values. We suppose that there are two observers A and B situated
at spacetime points x and y, they proceed a measurement separately on the state vector
|Ψ〉 for the locally observable quantity O(x) in the same occasion. However the time x0
may not equal to the time y0 generally. For the observer A, the state vector |Ψ〉 has been
affected by the measurement of the observer B at the spacetime point y. Or we can say
the observer B’s observation instrument has taken an action on the state vector |Ψ〉. The
state vector has become O(y)|Ψ〉. When the observer A takes his or her measurement on the
state vector, his or her observation instrument will act on the state vector O(y)|Ψ〉 again.
These two sequent actions should be represented by the product operation of the operators.
However because now the spacetime is noncommutative, the product operation should be the
Moyal star-product, while not the ordinary product. Or we regard that in noncommutative
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spacetime, the basic product operation is the Moyal star-product. Thus what the measuring
result the observer A obtained from his or her instrument is 〈Ψ|O(x) ⋆ O(y)|Ψ〉. Similarly
for the observer B, the state vector |Ψ〉 has been affected by the action of the observer
A’s instrument at the spacetime point x. The state vector becomes O(x)|Ψ〉. What the
measuring result the observer B obtained from his or her instrument is 〈Ψ|O(y) ⋆O(x)|Ψ〉.
Supposing that microcausality is satisfied for NCFTs, this means that there do not exist
the physical information and interaction with the transmit speed faster than the speed of
light. Thus when the spacetime interval between x and y is spacelike, the affection of the
observer B’s measurement or the action of observer B’s instrument at spacetime point y on
the state vector |Ψ〉 has not propagated to the spacetime point x when the observer A takes
his or her measurement on the state vector |Ψ〉 at the spacetime point x. These two physical
measurements do not interfere with each other. For the observer A, the state vector is still
|Ψ〉, while not O(y)|Ψ〉. Therefore the measuring result what the observer A obtained is just
〈Ψ|O(x)|Ψ〉. Thus we have
〈Ψ|O(x) ⋆O(y)]|Ψ〉 = 〈Ψ|O(x)|Ψ〉 for (x− y)2 < 0 . (2.1)
The same reason as the observer A, the measuring result what the observer B obtained at
the spacetime point y is just 〈Ψ|O(y)|Ψ〉. Thus we have
〈Ψ|O(y) ⋆O(x)]|Ψ〉 = 〈Ψ|O(y)|Ψ〉 for (x− y)2 < 0 . (2.2)
We can suppose that the state vector |Ψ〉 is in the momentum eigenstate, thus it is also
in the energy eigenstate. At the same time, we can suppose that the state vector |Ψ〉 is in
the Heisenberg picture, therefore it does not rely on the spacetime coordinates. From the
Heisenberg relations and the translation transformation, we have 1
〈Ψ|O(x)|Ψ〉 = 〈Ψ|O(y)|Ψ〉 . (2.3)
Therefore the condition
〈Ψ|[O(x),O(y)]⋆|Ψ〉 = 〈Ψ|O(x)⋆O(y)|Ψ〉−〈Ψ|O(y)⋆O(x)|Ψ〉 = 0 for (x−y)
2 < 0 (2.4)
should be satisfied for a NCFT to satisfy the microcausality.
1We note y − x = a. From the Heisenberg relations and the translation transformation, we have
O(y) = exp(iaµP
µ)O(x) exp(−iaµP
µ) .
Because aµ now is a constant four-vector, from Eq. (1.2) we can also write the above expression as
O(y) = exp(iaµP
µ) ⋆O(x) ⋆ exp(−iaµP
µ) .
We use Pµ to represent the eigenvalues of the energy-momentum of the state vector |Ψ〉. Therefore we obtain
〈Ψ|O(y)|Ψ〉 = 〈Ψ| exp(iaµP
µ) ⋆O(x) ⋆ exp(−iaµP
µ)|Ψ〉 = 〈Ψ| exp(iaµP
µ) ⋆O(x) ⋆ exp(−iaµP
µ)|Ψ〉
= exp(iaµP
µ) ⋆ 〈Ψ|O(x)|Ψ〉 ⋆ exp(−iaµP
µ) = exp(iaµP
µ)〈Ψ|O(x)|Ψ〉 exp(−iaµP
µ) = 〈Ψ|O(x)|Ψ〉 .
Therefore Eq. (2.3) is satisfied.
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If microcausality is violated for a NCFT, then there may exist the physical information
and interaction with the transmit speed faster than the speed of light. For the two measure-
ments of the observer A and observer B located at x and y separated by a spacelike interval,
the affection of the observer B’s measurement at spacetime point y on the state vector |Ψ〉
will propagate to the spacetime point x when the observer A takes his or her measurement
on the state vector |Ψ〉 at the spacetime point x, and the affection of the observer A’s mea-
surement at spacetime point x on the state vector |Ψ〉 will propagate to the spacetime point
y when the observer B takes his or her measurement on the state vector |Ψ〉 at the spacetime
point y. These two physical measurements will interfere with each other. For such a case,
Eqs. (2.1) and (2.2) cannot be satisfied, while we still have 〈Ψ|O(x)|Ψ〉 = 〈Ψ|O(y)|Ψ〉 as
that of Eq. (2.3). Therefore generally we have
〈Ψ|[O(x),O(y)]⋆|Ψ〉 6= 0 for (x− y)
2 < 0 (2.5)
for a NCFT to violate the microcausality. Therefore we can judge whether the microcausality
is maintained or violated for a NCFT according to Eq. (2.5).
Now we suppose that O1(x) and O2(y) are two different observable field operators, x
and y are separated by a spacelike interval, two observers A and B situate at x and y, and
microcausality is satisfied for the field theory on noncommutative spacetime. Supposing
that the observers A and B proceed a measurement separately on the state vector |Ψ〉 for
the locally observable quantities O1 and O2 at x and y respectively, then from the above
analysis, we have for the observer A
〈Ψ|O1(x) ⋆O2(y)]|Ψ〉 = 〈Ψ|O1(x)|Ψ〉 for (x− y)
2 < 0 . (2.6)
And we have for the observer B
〈Ψ|O2(y) ⋆O1(x)]|Ψ〉 = 〈Ψ|O2(y)|Ψ〉 for (x− y)
2 < 0 . (2.7)
Because now O1(x) and O2(y) are two different operators, we obtain generally
〈Ψ|O1(x)|Ψ〉 6= 〈Ψ|O2(y)|Ψ〉 . (2.8)
Therefore from Eqs. (2.6)-(2.8) we have
〈Ψ|[O1(x),O2(y)]⋆|Ψ〉 6= 0 for (x− y)
2 < 0 (2.9)
generally, even if x and y are separated by a spacelike interval, and the field theory satisfies
the microcausality. Therefore we cannot deduce that a NCFT violates microcausality from
Eq. (2.9) from the expectation values of the Moyal commutator of two different operators.
In order to judge whether a NCFT violates microcausality, we must analyze the expectation
values of the Moyal commutator of the same operator as that of Eq. (2.5).
3 Vacuum state expectation values
For the free Dirac field on noncommutative spacetime, its Lagrangian is given by
L = ψ ⋆ iγµ∂µψ −mψ ⋆ ψ . (3.1)
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We suppose that in noncommutative spacetime, quantum fields can still be expanded in the
usual Lorentz invariant form. Therefore the Fourier expansions for the free Dirac field and
its conjugate field are given by
ψ(x, t) =
∫
d3p
(2π)3/2
√
m
Ep
∑
s=1,2
[b(p, s)u(p, s)e−ipx + d†(p, s)v(p, s)eipx] ,
ψ(x, t) =
∫
d3p
(2π)3/2
√
m
Ep
∑
s=1,2
[b†(p, s)u(p, s)eipx + d(p, s)v(p, s)e−ipx] , (3.2)
where Ep = p0 = +
√
|p|2 +m2 and px = pµx
µ. In Eq. (3.2), the spacetime coordinates
are treated as noncommutative operators. They satisfy the commutation relations (1.1) and
(1.3). The anticommutation relations for the creation and annihilation operators are still
the same as that in the commutative spacetime. They are
{b(p, s), b†(p′, s′)} = δss′δ
3(p− p′) ,
{d(p, s), d†(p′, s′)} = δss′δ
3(p− p′) ,
{b(p, s), b(p′, s′)} = {d(p, s), d(p′, s′)} = 0 ,
{b†(p, s), b†(p′, s′)} = {d†(p, s), d†(p′, s′)} = 0 ,
{b(p, s), d(p′, s′)} = {b(p, s), d†(p′, s′)} = 0 ,
{d(p, s), b(p′, s′)} = {d(p, s), b†(p′, s′)} = 0 . (3.3)
The spinors u(p, s) and v(p, s) satisfy the completeness relations
∑
s=1,2
uα(p, s)uβ(p, s) =
(
6p +m
2m
)
αβ
,
∑
s=1,2
vα(p, s)vβ(p, s) =
(
6p−m
2m
)
αβ
. (3.4)
They are the same as that of the commutative spacetime case.
We define the Moyal anticommutators of the Dirac field to be
{ψα(x), ψβ(x
′)}⋆ = ψα(x) ⋆ ψβ(x
′) + ψβ(x
′) ⋆ ψα(x) , (3.5)
{ψα(x), ψβ(x
′)}⋆ = ψα(x) ⋆ ψβ(x
′) + ψβ(x
′) ⋆ ψα(x) , (3.6)
{ψα(x), ψβ(x
′)}⋆ = ψα(x) ⋆ ψβ(x
′) + ψβ(x
′) ⋆ ψα(x) . (3.7)
We have shown in Ref. [24] that the Moyal anticommutators of the Dirac field are not
c-number functions. In order to obtain the c-number results for these Moyal anticommuta-
tors, we need to evaluate their vacuum and non-vacuum state expectation values. We have
obtained in Ref. [24] that
〈0|{ψα(x), ψβ(x
′)}⋆|0〉 = 〈Ψ|{ψα(x), ψβ(x
′)}⋆|Ψ〉 = −iSαβ(x− x
′) , (3.8)
〈0|{ψα(x), ψβ(x
′)}⋆|0〉 = 〈Ψ|{ψα(x), ψβ(x
′)}⋆|Ψ〉 = 0 , (3.9)
〈0|{ψα(x), ψβ(x
′)}⋆|0〉 = 〈Ψ|{ψα(x), ψβ(x
′)}⋆|Ψ〉 = 0 , (3.10)
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where |Ψ〉 is a state vector of the Dirac field quantum system, and the singular function
S(x− x′) is given by [25]
Sαβ(x− x
′) = −(i 6∂x +m)αβ∆(x− x
′) . (3.11)
S(x− x′) is zero for a spacelike interval.
For the free Dirac field on ordinary commutative spacetime, its observable quantities are
constructed from the fundamental bilinear forms ψα(x)ψβ(x) and the γ-matrixes. For the
fundamental bilinear forms ψα(x)ψβ(x), we have
[ψα(x)ψβ(x), ψσ(x
′)ψτ (x
′)]
= ψα(x){ψβ(x), ψσ(x
′)}ψτ (x
′)− {ψα(x), ψσ(x
′)}ψβ(x)ψτ (x
′)
+ψσ(x
′)ψα(x){ψβ(x), ψτ (x
′)} − ψσ(x
′){ψα(x), ψτ (x
′)}ψβ(x) .
(3.12)
From the properties of the fundamental anticommutators of Dirac field, we have [25]
[ψα(x)ψβ(x), ψσ(x
′)ψτ (x
′)] = 0 for (x− x′)2 < 0 . (3.13)
Therefore microcausality is satisfied for Dirac field on ordinary commutative spacetime.
For the free Dirac field on noncommutative spacetime, its observable quantities such as
the current jµ(x) =: ψ(x)γµ ⋆ ψ(x) : are constructed from : ψα(x) ⋆ ψβ(x) : and γ-matrixes.
Therefore in order to investigate its microcausality property, we need to analyze the Moyal
anticommutator [ψα(x) ⋆ ψβ(x), ψσ(x
′) ⋆ ψτ (x
′)]⋆. We have
[ψα(x) ⋆ ψβ(x), ψσ(x
′) ⋆ ψτ (x
′)]⋆
= ψα(x) ⋆ {ψβ(x), ψσ(x
′)}⋆ ⋆ ψτ (x
′)− {ψα(x), ψσ(x
′)}⋆ ⋆ ψβ(x) ⋆ ψτ (x
′)
+ψσ(x
′) ⋆ ψα(x) ⋆ {ψβ(x), ψτ (x
′)}⋆ − ψσ(x
′) ⋆ {ψα(x), ψτ (x
′)}⋆ ⋆ ψβ(x)
= ψα(x) ⋆ ψβ(x) ⋆ ψσ(x
′) ⋆ ψτ (x
′)− ψσ(x
′) ⋆ ψτ (x
′) ⋆ ψα(x) ⋆ ψβ(x) .
(3.14)
As obtained in Ref. [24], the fundamental Moyal anticommutators of the Dirac field are
not c-number functions, in order to examine the microcausality property for the operator
ψα(x) ⋆ ψβ(x), we need to calculate its expectation values, to see whether they are vanished
or not for a spacelike interval. As demonstrated in Sec. II, this is also the demand of physical
measurements. In order to simplify the calculation, we can adopt the normal orderings for
the Moyal star-product. Therefore we need to calculate the function
Bαβστ (x, y) = 〈Ψ|[: ψα(x) ⋆ ψβ(x) :, : ψσ(y) ⋆ ψτ (y) :]⋆|Ψ〉 , (3.15)
where |Ψ〉 is a state vector of free Dirac field quantum system. To adopt the normal orderings
for the field operators ψα(x) ⋆ ψβ(x) and ψσ(y) ⋆ ψτ (y) means that an infinite charge of
the vacuum with all of the negative energy states occupied has been eliminated in the
corresponding commutative spacetime field theory. To be the limit of physical measurements,
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we take the state vector |Ψ〉 in Eq. (3.15) to be the vacuum state |0〉. Therefore in this
section, we first study the vacuum expectation value
B0,αβστ (x, y) = 〈0|[: ψα(x) ⋆ ψβ(x) :, : ψσ(y) ⋆ ψτ (y) :]⋆|0〉 . (3.16)
For the non-vacuum state expectation value of Eq. (3.15), we will analyze it in Sec. IV.
We decompose ψ(x) into the annihilation (positive frequency) and creation (negative
frequency) part
ψ(x) = ψ+(x) + ψ−(x) , (3.17)
where
ψ+(x) =
∫
d3p
(2π)3/2
√
m
Ep
∑
s=1,2
b(p, s)u(p, s)e−ipx ,
ψ−(x) =
∫
d3p
(2π)3/2
√
m
Ep
∑
s=1,2
d†(p, s)v(p, s)eipx . (3.18)
For the conjugate field we have
ψ(x) = ψ
+
(x) + ψ
−
(x) , (3.19)
ψ
+
(x) =
∫
d3p
(2π)3/2
√
m
Ep
∑
s=1,2
d(p, s)v(p, s)e−ipx ,
ψ
−
(x) =
∫
d3p
(2π)3/2
√
m
Ep
∑
s=1,2
b†(p, s)u(p, s)eipx . (3.20)
From Eqs. (3.17) and (3.19) we have
ψα(x) ⋆ ψβ(x) = ψ
+
α (x) ⋆ ψ
+
β (x) + ψ
+
α (x) ⋆ ψ
−
β (x) + ψ
−
α (x) ⋆ ψ
+
β (x) + ψ
−
α (x) ⋆ ψ
−
β (x) . (3.21)
The normal ordering of the operator ψα(x) ⋆ ψβ(x) is given by
: ψα(x) ⋆ψβ(x) := ψ
+
α (x) ⋆ψ
+
β (x)−ψ
−
β (x) ⋆ψ
+
α (x)+ψ
−
α (x) ⋆ψ
+
β (x)+ψ
−
α (x) ⋆ψ
−
β (x) . (3.22)
Here we have made a simplified manipulation for the normal ordering of the Moyal star-
product operator ψ
+
α (x) ⋆ψ
−
β (x). This is because the result of the Moyal star-product of two
functions is related with the order of two functions. In the Fourier integral representation,
we can see that ψ−β (x) ⋆ ψ
+
α (x) will have an additional phase factor e
ip×p′ relative to ψ
+
α (x) ⋆
ψ−β (x). However in Eq. (3.22) we have ignored such a difference for the normal ordering of
ψ
+
α (x) ⋆ ψ
−
β (x). The reason is that the terms that contain ψ
−
β (x) ⋆ ψ
+
α (x) in the expansion of
Eq. (3.16) will contribute zero when we evaluate their vacuum expectation values, as it can
be seen in the following. Thus we can ignore such a difference equivalently for convenience.
To expand : ψα(x) ⋆ ψβ(x) : ⋆ : ψσ(y) ⋆ ψτ (y) :, we obtain
: ψα(x) ⋆ ψβ(x) : ⋆ : ψσ(y) ⋆ ψτ (y) :
= ψ
+
α (x) ⋆ ψ
+
β (x) ⋆ ψ
+
σ (y) ⋆ ψ
+
τ (y)− ψ
+
α (x) ⋆ ψ
+
β (x) ⋆ ψ
−
τ (y) ⋆ ψ
+
σ (y)
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+ψ
+
α (x) ⋆ ψ
+
β (x) ⋆ ψ
−
σ (y) ⋆ ψ
+
τ (y) + ψ
+
α (x) ⋆ ψ
+
β (x) ⋆ ψ
−
σ (y) ⋆ ψ
−
τ (y)
−ψ−β (x) ⋆ ψ
+
α (x) ⋆ ψ
+
σ (y) ⋆ ψ
+
τ (y) + ψ
−
β (x) ⋆ ψ
+
α (x) ⋆ ψ
−
τ (y) ⋆ ψ
+
σ (y)
−ψ−β (x) ⋆ ψ
+
α (x) ⋆ ψ
−
σ (y) ⋆ ψ
+
τ (y)− ψ
−
β (x) ⋆ ψ
+
α (x) ⋆ ψ
−
σ (y) ⋆ ψ
−
τ (y)
+ψ
−
α (x) ⋆ ψ
+
β (x) ⋆ ψ
+
σ (y) ⋆ ψ
+
τ (y)− ψ
−
α (x) ⋆ ψ
+
β (x) ⋆ ψ
−
τ (y) ⋆ ψ
+
σ (y)
+ψ
−
α (x) ⋆ ψ
+
β (x) ⋆ ψ
−
σ (y) ⋆ ψ
+
τ (y) + ψ
−
α (x) ⋆ ψ
+
β (x) ⋆ ψ
−
σ (y) ⋆ ψ
−
τ (y)
+ψ
−
α (x) ⋆ ψ
−
β (x) ⋆ ψ
+
σ (y) ⋆ ψ
+
τ (y)− ψ
−
α (x) ⋆ ψ
−
β (x) ⋆ ψ
−
τ (y) ⋆ ψ
+
σ (y)
+ψ
−
α (x) ⋆ ψ
−
β (x) ⋆ ψ
−
σ (y) ⋆ ψ
+
τ (y) + ψ
−
α (x) ⋆ ψ
−
β (x) ⋆ ψ
−
σ (y) ⋆ ψ
−
τ (y) .
(3.23)
From Eq. (3.23), we can clearly see that the non-zero contributions to the vacuum expecta-
tion value of : ψα(x) ⋆ ψβ(x) : ⋆ : ψσ(y) ⋆ ψτ (y) : come from the terms which the most right
hand side components of the product operators are the negative frequency operators, and at
the same time for these terms the number of the positive frequency component operators are
equal to the number of the negative frequency component operators in the total product op-
erators. Therefore we can see that there is only one such term ψ
+
α (x)⋆ψ
+
β (x)⋆ψ
−
σ (y)⋆ψ
−
τ (y)
which will contribute to the non-zero vacuum expectation value. Hence we have
〈0| : ψα(x) ⋆ ψβ(x) : ⋆ : ψσ(y) ⋆ ψτ (y) : |0〉 = 〈0|ψ
+
α (x) ⋆ ψ
+
β (x) ⋆ ψ
−
σ (y) ⋆ ψ
−
τ (y)|0〉 . (3.24)
Similarly, the non-zero contribution to the vacuum expectation value of ψσ(y) ⋆ ψτ (y) : ⋆ :
ψα(x) ⋆ ψβ(x) : only comes from the part ψ
+
σ (y) ⋆ ψ
+
τ (y) ⋆ ψ
−
α (x) ⋆ ψ
−
β (x). We have
〈0| : ψσ(y) ⋆ ψτ (y) : ⋆ : ψα(x) ⋆ ψβ(x) : |0〉 = 〈0|ψ
+
σ (y) ⋆ ψ
+
τ (y) ⋆ ψ
−
α (x) ⋆ ψ
−
β (x)|0〉 . (3.25)
If we do not use the normal orderings for the operators : ψα(x)⋆ψβ(x) : and : ψσ(y)⋆ψτ (y) :
as that of Eq. (3.14), then in the calculation of the vacuum expectation value for Eq. (3.14),
we need to consider the additional four terms which will contribute non-zero results
ψ
+
α (x) ⋆ ψ
−
β (x) ⋆ ψ
+
σ (y) ⋆ ψ
−
τ (y)− ψ
+
σ (y) ⋆ ψ
−
τ (y) ⋆ ψ
+
α (x) ⋆ ψ
−
β (x) ,
ψ
−
α (x) ⋆ ψ
+
β (x) ⋆ ψ
+
σ (y) ⋆ ψ
−
τ (y)− ψ
−
σ (y) ⋆ ψ
+
τ (y) ⋆ ψ
+
α (x) ⋆ ψ
−
β (x) .
However in fact we can obtain that the total vacuum expectation value of these terms
cancel at last. Thus to take the normal orderings for the operators : ψα(x) ⋆ ψβ(x) : and
: ψσ(y) ⋆ ψτ (y) : has simplified the calculation.
Through calculation we obtain
〈0|[: ψα(x) ⋆ ψβ(x) :, : ψσ(y) ⋆ ψτ (y) :]⋆|0〉
= 〈0|ψ
+
α (x) ⋆ ψ
+
β (x) ⋆ ψ
−
σ (y) ⋆ ψ
−
τ (y)|0〉 − 〈0|ψ
+
σ (y) ⋆ ψ
+
τ (y) ⋆ ψ
−
α (x) ⋆ ψ
−
β (x)|0〉
=
∫
d3p1
(2π)3
∫
d3p2
(2π)3
∑
s1,s2
[(
m
Ep1
) 1
2
vα(p1, s1)e
−ip1x ⋆
(
m
Ep2
) 1
2
uβ(p2, s2)e
−ip2x
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⋆(
m
Ep2
) 1
2
uσ(p2, s2)e
ip2y ⋆
(
m
Ep1
) 1
2
vτ (p1, s1)e
ip1y −
(
m
Ep1
) 1
2
vσ(p1, s1)e
−ip1y ⋆
(
m
Ep2
) 1
2
uτ(p2, s2)e
−ip2y
⋆
(
m
Ep2
) 1
2
uα(p2, s2)e
ip2x ⋆
(
m
Ep1
) 1
2
vβ(p1, s1)e
ip1x
]
=
∫
d3p1
(2π)32Ep1
∫
d3p2
(2π)32Ep2
[
( 6p1 −m)τα( 6p2 +m)βσe
−i(p1+p2)(x−y)
−( 6p1 −m)βσ( 6p2 +m)ταe
i(p1+p2)(x−y)
]
.
(3.26)
In Eq. (3.26), there are two terms in the second equality. The first term means that two
Dirac field quanta |p1, s1〉 and |p2, s2〉 are generated at the spacetime point y, and annihilated
at the spacetime point x. The second term means that two Dirac field quanta |p1, s1〉 and
|p2, s2〉 are generated at the spacetime point x, and annihilated at the spacetime point y.
In Eq. (3.26),
∫ d3p1
(2π)32Ep1
∫ d3p2
(2π)32Ep2
is the Lorentz invariant volume element, 6p1 = p1µγ
µ,
6p2 = p2µγ
µ, and (p1 + p2)(x− y) = (p1 + p2)µ(x− y)
µ. Thus the total expression is Lorentz
invariant. In the above calculation, we have used Eq. (1.4) for the Moyal star-product of
two functions defined on two different spacetime points. The result does not rely on the
parameters θµν . However if θµν = 0, we can deduce from Eq. (3.13) directly that the free
Dirac field satisfies the microcausality on ordinary commutative spacetime. For such a case,
we need not to evaluate the expectation value of Eq. (3.26).
We need to analyze whether the expression of Eq. (3.26) disappears or not for a spacelike
interval. This can be seen from the vacuum expectation value of the equal-time commutator.
Thus to take x0 = y0 in Eq. (3.26), we have
〈0|[: ψα(x, t) ⋆ ψβ(x, t) :, : ψσ(y, t) ⋆ ψτ (y, t) :]⋆|0〉
=
∫
d3p1
(2π)32Ep1
∫
d3p2
(2π)32Ep2
[
( 6p1 −m)τα( 6p2 +m)βσe
i(p1+p2)·(x−y)
−( 6p1 −m)βσ( 6p2 +m)ταe
−i(p1+p2)·(x−y)
]
.
(3.27)
We can see that in Eq. (3.27), the integral measure does not change when the arguments
(p1,p2) change to (−p1,−p2). The integral space is symmetrical to the integral arguments
(p1,p2) and (−p1,−p2). Therefore the odd function part of the integrand contributes zero
to the whole integral. While the even function part will contribute nonzero to the whole
integral. Thus to omit the odd function part in the integrand we obtain
〈0|[: ψα(x, t) ⋆ ψβ(x, t) :, : ψσ(y, t) ⋆ ψτ (y, t) :]⋆|0〉
=
∫
d3p1
(2π)32Ep1
∫
d3p2
(2π)32Ep2
[
(mp10γ
0
ταδβσ −mp10γ
0
βσδτα +mp20γ
0
ταδβσ −mp20γ
0
βσδτα
11
+p1ip2jγ
i
ταγ
j
βσ − p1ip2jγ
i
βσγ
j
τα) cos(p1 + p2) · (x− y)
−(p10p2jγ
0
ταγ
j
βσ + p1ip20γ
i
ταγ
0
βσ +mp1iγ
i
ταδβσ −mp2jδταγ
j
βσ
+p10p2jγ
0
βσγ
j
τα + p1ip20γ
i
βσγ
0
τα +mp1iγ
i
βσδτα −mp2jδβσγ
j
τα) i sin(p1 + p2) · (x− y)
]
,
(3.28)
where p1i = (p1x, p1y, p1z), p2i = (p2x, p2y, p2z). We can see that Eq. (3.28) does not vanish
generally for an arbitrary interval of (x − y) for some cases of the indexes α, β, σ, and τ ,
and the result depend on the choice of the representation of γ-matrixes. Because the total
expression of Eq. (3.26) is Lorentz invariant, we have
〈0|[: ψα(x) ⋆ ψβ(x) :, : ψσ(y) ⋆ ψτ (y) :]⋆|0〉 6= 0 for (x− y)
2 < 0 (3.29)
for some cases of the indexes α, β, σ, and τ , and the result depend on the choice of the
representation of γ-matrixes. The result does not depend on whether θ0i vanishes or not.
However we cannot conclude that microcausality is violated necessarily for free Dirac field
on noncommutative spacetime from the above result. There are two sides of the reasons.
On the one side as pointed out in Sec. II, for the criterion of the violation of microcausality,
we must analyze the commutator of the same operator. Therefore in Eqs. (3.26)-(3.28), we
must let σ = α and τ = β. For such a case, we can see that in Eq. (3.28), the coefficient of
cos(p1 + p2) · (x − y) is zero, however the coefficient of sin(p1 + p2) · (x − y) may not be
zero for an arbitrary choice of the representation of γ-matrixes. Therefore we have
B0,αβαβ(x, y) = 〈0|[: ψα(x) ⋆ψβ(x) :, : ψα(y) ⋆ψβ(y) :]⋆|0〉 6= 0 for (x− y)
2 < 0 (3.30)
for an arbitrary choice of the representation of γ-matrixes.
If for Dirac field, the observable quantities are directly ψα(x)⋆ψβ(x), then from Eq. (3.30)
we can obtain that microcausality is not satisfied for free Dirac field on noncommutative
spacetime. However this conclusion is not reasonable because it relies on the representation
of γ-matrixes. The reason is that for Dirac field, its physical observable quantities are not
ψα(x) ⋆ ψβ(x) directly. They are ψ(x) ⋆ ψ(x) and ψ(x)γ
µ ⋆ ψ(x) etc. that constructed from
ψα(x) ⋆ ψβ(x) and the γ-matrixes. Therefore we need to analyze the commutators for these
observable quantities actually.
For the Lorentz scalar ψ(x) ⋆ ψ(x) we need to analyze whether
B0(x, y) = 〈0|[: ψ(x) ⋆ ψ(x) :, : ψ(y) ⋆ ψ(y) :]⋆|0〉
= 〈0|[: ψα(x) ⋆ ψα(x) :, : ψσ(y) ⋆ ψσ(y) :]⋆|0〉
(3.31)
vanishes or not for a spacelike interval of (x − y). This can be seen from its equal-time
commutator
B0(x, t,y, t) = 〈0|[: ψ(x, t) ⋆ ψ(x, t) :, : ψ(y, t) ⋆ ψ(y, t) :]⋆|0〉
= 〈0|[: ψα(x, t) ⋆ ψα(x, t) :, : ψσ(y, t) ⋆ ψσ(y, t) :]⋆|0〉 .
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(3.32)
From Eq. (3.28) we obtain
〈0|[: ψα(x, t) ⋆ ψα(x, t) :, : ψσ(y, t) ⋆ ψσ(y, t) :]⋆|0〉
=
∫
d3p1
(2π)32Ep1
∫
d3p2
(2π)32Ep2
[
(mp10γ
0
σαδασ −mp10γ
0
ασδσα +mp20γ
0
σαδασ −mp20γ
0
ασδσα
+p1ip2jγ
i
σαγ
j
ασ − p1ip2jγ
i
ασγ
j
σα) cos(p1 + p2) · (x− y)
−(p10p2jγ
0
σαγ
j
ασ + p1ip20γ
i
σαγ
0
ασ +mp1iγ
i
σαδασ −mp2jδσαγ
j
ασ
+p10p2jγ
0
ασγ
j
σα + p1ip20γ
i
ασγ
0
σα +mp1iγ
i
ασδσα −mp2jδασγ
j
σα) i sin(p1 + p2) · (x− y)
]
.
(3.33)
In Eq. (3.33) for α and σ we need to sum up them from 1 to 4. From the properties of the
traces of γ-matrixes [26], we can obtain that the coefficients before cos(p1+p2) · (x−y) and
sin(p1+p2) · (x−y) are all zero in Eq. (3.33), and they do not depend on the representation
of the γ-matrixes. From the Lorentz invariance of the expression we obtain
B0(x, y) = 〈0|[: ψ(x) ⋆ ψ(x) :, : ψ(y) ⋆ ψ(y) :]⋆|0〉 = 0 for (x− y)
2 < 0 . (3.34)
Therefore microcausality is satisfied for the Lorentz scalar ψ(x) ⋆ ψ(x) of free Dirac field on
noncommutative spacetime.
For the current ψ(x)γµ ⋆ ψ(x) of the Dirac field, we need to analyze whether
B
µ
0 (x, y) = 〈0|[: ψ(x)γ
µ ⋆ ψ(x) :, : ψ(y)γµ ⋆ ψ(y) :]⋆|0〉
= 〈0|[: ψα(x)γ
µ
αβ ⋆ ψβ(x) :, : ψσ(y)γ
µ
στ ⋆ ψτ (y) :]⋆|0〉
(3.35)
vanishes or not for a spacelike interval of (x − y). This can be seen from its equal-time
commutator
B
µ
0 (x, t,y, t) = 〈0|[: ψ(x, t)γ
µ ⋆ ψ(x, t) :, : ψ(y, t)γµ ⋆ ψ(y, t) :]⋆|0〉
= 〈0|[: ψα(x, t)γ
µ
αβ ⋆ ψβ(x, t) :, : ψσ(y, t)γ
µ
στ ⋆ ψτ (y, t) :]⋆|0〉 .
(3.36)
From Eq. (3.28) we obtain
〈0|[: ψα(x, t)γ
µ
αβ ⋆ ψβ(x, t) :, : ψσ(y, t)γ
µ
στ ⋆ ψτ (y, t) :]⋆|0〉
=
∫
d3p1
(2π)32Ep1
∫
d3p2
(2π)32Ep2
[
(mp10γ
0
ταγ
µ
αβδβσγ
µ
στ −mp10γ
0
βσγ
µ
στδταγ
µ
αβ +mp20δβσγ
µ
στγ
0
ταγ
µ
αβ
−mp20δταγ
µ
αβγ
0
βσγ
µ
στ + p1ip2jγ
i
ταγ
µ
αβγ
j
βσγ
µ
στ − p1ip2jγ
i
βσγ
µ
στγ
j
ταγ
µ
αβ) cos(p1 + p2) · (x− y)
−(p10p2jγ
0
ταγ
µ
αβγ
j
βσγ
µ
στ + p1ip20γ
i
ταγ
µ
αβγ
0
βσγ
µ
στ +mp1iγ
i
ταγ
µ
αβδβσγ
µ
στ −mp2jδταγ
µ
αβγ
j
βσγ
µ
στ
+p10p2jγ
0
βσγ
µ
στγ
j
ταγ
µ
αβ + p1ip20γ
i
βσγ
µ
στγ
0
ταγ
µ
αβ +mp1iγ
i
βσγ
µ
στδταγ
µ
αβ −mp2jδβσγ
µ
στγ
j
ταγ
µ
αβ)
i sin(p1 + p2) · (x− y)
]
.
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In Eq. (3.37), the summations of the indexes are traces of the producted γ-matrixes. From
the properties of the traces of γ-matrixes [26], we can obtain that the coefficients before
cos(p1 + p2) · (x − y) and sin(p1 + p2) · (x − y) are all zero in Eq. (3.37), and they do
not depend on the representation of the γ-matrixes. From the Lorentz invariance of the
expression we obtain
B
µ
0 (x, y) = 〈0|[: ψ(x)γ
µ ⋆ ψ(x) :, : ψ(y)γµ ⋆ ψ(y) :]⋆|0〉 = 0 for (x− y)
2 < 0 . (3.38)
Therefore microcausality is satisfied for the current ψ(x)γµ ⋆ ψ(x) of free Dirac field on non-
commutative spacetime. For the other bilinear forms of free Dirac field on noncommutative
spacetime such as ψ(x)γ5 ⋆ ψ(x), ψ(x)γ5γµ ⋆ ψ(x), and ψ(x)σµν ⋆ ψ(x), we can also obtain
that they satisfy the microcausality through explicit calculations, and the conclusion does
not depend on the representation of γ-matrixes. However for the details of the calculations
for these bilinear forms, we omit to write down them here.
From the above analysis, we can also see that for the microcausality of Dirac field on
ordinary commutative spacetime, if we examine it from Eq. (3.12), we can obtain that it
satisfies the microcausality directly. However if we calculate the vacuum expectation values
for the commutators, we will obtain the result which is equal to Eq. (3.26), i.e.,
〈0|[: ψα(x)ψβ(x) :, : ψσ(y)ψτ (y) :]⋆|0〉
=
∫
d3p1
(2π)32Ep1
∫
d3p2
(2π)32Ep2
[
( 6p1 −m)τα( 6p2 +m)βσe
−i(p1+p2)(x−y)
−( 6p1 −m)βσ( 6p2 +m)ταe
i(p1+p2)(x−y)
]
.
(3.39)
Similarly we will obtain the result as that of Eqs. (3.27)-(3.30). Thus from this approach, we
cannot obtain that Dirac field satisfies the microcausality on ordinary commutative spacetime
directly. However through the calculation of the expectation values for the commutators
of ψ(x) ⋆ ψ(x) and ψ(x)γµ ⋆ ψ(x) etc., we can still obtain that Dirac field on ordinary
commutative spacetime satisfies the microcausality, as that of Eqs. (3.31)-(3.38).
4 Non-vacuum state expectation values
For the criterion of microcausality violation given by Eq. (2.5), the state vector |Ψ〉 is not
a vacuum state generally. Therefore we need to calculate the non-vacuum state expectation
values of Bαβστ (x, y) given by Eq. (3.15). For such a purpose we need first to define the
state vector |Ψ〉 for a Dirac field quantum system. We can write it as
|Ψ〉 = |Np1(s, s
′)Np2(s, s
′) · · ·Npi(s, s
′) · · · , 0〉 . (4.1)
It is in the occupation eigenstate. In Eq. (4.1) we use Npi to represent the occupation
number for the momentum pi, and use (s, s
′) to represent four kinds of the spinors u(p, s)
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and v(p, s). Npi(s, s
′) can only take the values 0 and 1. We suppose that the occupation
numbers are nonzero only on some separate momentums pi. For all the other momentums,
the occupation numbers are zero. We use 0 to represent that the occupation numbers are
zero on all the other momentums and spins in Eq. (4.1). The state vector |Ψ〉 has the
following properties [27]:
〈Np1(s, s
′)Np2(s, s
′) · · ·Npi(s, s
′) · · · |Np1(s, s
′)Np2(s, s
′) · · ·Npi(s, s
′) · · ·〉 = 1 ,∑
Np1(s,s
′)Np2(s,s
′)···
|Np1(s, s
′)Np2(s, s
′) · · ·Npi(s, s
′) · · ·〉〈Np1(s, s
′)Np2(s, s
′) · · ·Npi(s, s
′) · · · | = 1 ,
(4.2)
as,s′(pi)|Np1(s, s
′)Np2(s, s
′) · · ·Npi−1(s, s
′)0pi(s, s
′)Npi+1(s, s
′) · · ·〉 = 0 ,
as,s′(pi)|Np1(s, s
′)Np2(s, s
′) · · ·Npi−1(s, s
′)1pi(s, s
′)Npi+1(s, s
′) · · ·〉
= (−1)
i−1∑
l=1
Nl(s,s
′)
|Np1(s, s
′)Np2(s, s
′) · · ·Npi−1(s, s
′)0pi(s, s
′)Npi+1(s, s
′) · · ·〉 ,
a
†
s,s′(pi)|Np1(s, s
′)Np2(s, s
′) · · ·Npi−1(s, s
′)1pi(s, s
′)Npi+1(s, s
′) · · ·〉 = 0 ,
a
†
s,s′(pi)|Np1(s, s
′)Np2(s, s
′) · · ·Npi−1(s, s
′)0pi(s, s
′)Npi+1(s, s
′) · · ·〉
= (−1)
i−1∑
l=1
Nl(s,s
′)
|Np1(s, s
′)Np2(s, s
′) · · ·Npi−1(s, s
′)1pi(s, s
′)Npi+1(s, s
′) · · ·〉 .
(4.3)
In Eq. (4.3), we use as,s′ to represent one kind of the annihilation operators b(p, s) and
d(p, s), and use a†s,s′ to represent one kind of the creation operators b
†(p, s) and d†(p, s). We
need to calculate the function
Bαβστ (x, y) = 〈Ψ|[: ψα(x) ⋆ ψβ(x) :, : ψσ(y) ⋆ ψτ (y) :]⋆|Ψ〉 . (4.4)
In the scalar field case [23], we have proved that the non-vacuum state expectation value
for the Moyal commutator [: ϕ(x) ⋆ ϕ(x) :, : ϕ(y) ⋆ ϕ(y) :]⋆ is just equal to the corresponding
vacuum expectation value. It is a universal function for an arbitrary state vector of scalar
field quantum system. We can also prove that such a property also hold for Dirac field.
We first need to recognize that the total energy of an actual field quantum system is always
finite. This makes the occupation numbers Npi(s, s
′) be nonzero only on a set of finite number
separate momentums pi, because Npi(s, s
′) take values of the integral numbers 0 and 1. If Npi
take nonzero values on infinite number separate momentums pi or on a continuous interval
of the momentum, the total energy of the field quantum system will be infinite.
Through calculation we can write
〈Ψ|[: ψα(x) ⋆ ψβ(x) :, : ψσ(y) ⋆ ψτ (y) :]⋆|Ψ〉 =
∫
d3p1
(2π)32Ep1
∫
d3p2
(2π)32Ep2
Gαβ,στ (p1, p2, x, y) .
(4.5)
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From Eq. (3.23) we can see that the non-zero contributions to the integrandGαβ,στ (p1, p2, x, y)
not only come from the operators ψ
+
α (x) ⋆ψ
+
β (x) ⋆ψ
−
σ (y) ⋆ψ
−
τ (y) and ψ
+
σ (y) ⋆ψ
+
τ (y) ⋆ψ
−
α (x) ⋆
ψ−β (x) as that of Eq. (3.26), but also come from the operators ψ
−
β (x)⋆ψ
+
α (x)⋆ψ
−
τ (y)⋆ψ
+
σ (y),
ψ−β (x)⋆ψ
+
α (x)⋆ψ
−
σ (y)⋆ψ
+
τ (y), ψ
−
α (x)⋆ψ
+
β (x)⋆ψ
−
τ (y)⋆ψ
+
σ (y), ψ
−
α (x)⋆ψ
+
β (x)⋆ψ
−
σ (y)⋆ψ
+
τ (y),
ψ
−
α (x)⋆ψ
−
β (x)⋆ψ
+
σ (y)⋆ψ
+
τ (y) and ψ
−
τ (y)⋆ψ
+
σ (y)⋆ψ
−
β (x)⋆ψ
+
α (x), ψ
−
σ (y)⋆ψ
+
τ (y)⋆ψ
−
β (x)⋆ψ
+
α (x),
ψ−τ (y)⋆ψ
+
σ (y)⋆ψ
−
α (x)⋆ψ
+
β (x), ψ
−
σ (y)⋆ψ
+
τ (y)⋆ψ
−
α (x)⋆ψ
+
β (x), ψ
−
σ (y)⋆ψ
−
τ (y)⋆ψ
+
α (x)⋆ψ
+
β (x).
These operators all have the equal numbers of negative frequency and positive frequency
components. This makes the integrand Gαβ,στ (p1, p2, x, y) of Eq. (4.5) be not equal to the
integrand of Eq. (3.26) generally. However because in the state vector |Ψ〉, the occupa-
tion numbers Npi(s, s
′) are nonzero only on a set of finite number separate momentums pi
as pointed out above, the integrand Gαβ,στ (p1, p2, x, y) of Eq. (4.5) only changes its value
relative to the integrand of Eq. (3.26) on a set of finite number separate momentums pi
of |Ψ〉, just like that of the scalar field case. However we omit to write down the detailed
analysis for such a fact here. Thus we need not to obtain the explicit form for the integrand
Gαβ,στ (p1, p2, x, y) of Eq. (4.5) on the set of finite number separate momentums pi of |Ψ〉.
This is because the integrand Gαβ,στ (p1, p2, x, y) may be a bounded function. The total inte-
gral measure for a set of finite number separate momentums pi is zero. Therefore according
to the theory of integration (for example see Ref. [28]), the total integral of Eq. (4.5) is not
changed from that of Eq. (3.26). Thus we obtain
〈Ψ|[: ψα(x) ⋆ ψβ(x) :, : ψσ(y) ⋆ ψτ (y) :]⋆|Ψ〉
=
∫
d3p1
(2π)32Ep1
∫
d3p2
(2π)32Ep2
[
( 6p1 −m)τα( 6p2 +m)βσe
−i(p1+p2)(x−y)
−( 6p1 −m)βσ( 6p2 +m)ταe
i(p1+p2)(x−y)
]
.
(4.6)
Or we can write
Bαβστ (x, y) = B0,αβστ (x, y) , (4.7)
which is a universal function for an arbitrary state vector of Eq. (4.1). Thus from the result
of Sec. IV we can derive
〈Ψ|[: ψ(x) ⋆ ψ(x) :, : ψ(y) ⋆ ψ(y) :]⋆|Ψ〉 = 0 for (x− y)
2 < 0 , (4.8)
and similarly
〈Ψ|[: ψ(x)γµ ⋆ ψ(x) :, : ψ(y)γµ ⋆ ψ(y) :]⋆|Ψ〉 = 0 for (x− y)
2 < 0 . (4.9)
For the other bilinear forms of the Dirac field such as ψ(x)γ5 ⋆ ψ(x), ψ(x)γ5γµ ⋆ ψ(x), and
ψ(x)σµν ⋆ ψ(x) on noncommutative spacetime, we can obtain the same result. This means
that microcausality is satisfied for free Dirac field on noncommutative spacetime generally,
no matter whether θ0i = 0 or θ0i 6= 0.
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5 Conclusion
In this paper, we studied the microcausality of free Dirac field on noncommutative
spacetime. As pointed out in the Introduction, we expand quantum fields on noncom-
mutative spacetime according to their usual Lorentz invariant spectral measures. For the
SO(1, 1) × SO(2) invariant spectral measures as that constructed in Ref. [10], we would
rather consider that it is an effective result evoked from the nonlocal interactions of NCFTs
as pointed out in Ref. [20]. Therefore we consider that the infinite propagation speed of
the waves inside the SO(1, 1) light wedge is in fact an effect of the nonlocal interactions
of NCFTs, while not the property of free fields. Similarly, we would rather consider that
the twisted Poincare´ invariance [13] of NCFTs is also an effective property that generated
from the nonlocal interactions of NCFTs. For NCFTs, although there exist the nonlocality,
it does not mean that Lorentz invariance is necessarily broken. In fact, the nonlocality of
NCFTs can be in self-consistency with the Lorentz invariance. For the noncommutative
parameters θµν , if we take them to be a second-order antisymmetric tensor, it is possible
for us to realize the Lorentz invariance of NCFTs [15-18]. On the other hand we know
that the breakdown of Lorentz invariance has not been discovered yet in the experiments
[19]. It is reasonable to believe that Lorentz invariance is a more fundamental principle of
physics in a local area, although it may not be satisfied for a large scale structure of the
universe. Therefore we expand quantum fields on noncommutative spacetime according to
their usual Lorentz invariant spectral measures, except that we take the coordinates to be
noncommutative operators.
Another reason for us to do so is that in most occasions for the perturbative calculations of
NCFTs in the literature, the propagators of quantum fields on noncommutative spacetime are
obtained based on the usual Lorentz invariant spectral measures for the expansion of fields.
Thus it is necessary for us to study whether microcausality is violated or not for quantum
fields on noncommutative spacetime if we expand them according to their usual Lorentz
invariant spectral measures, i.e., we hope to study whether the breakdown of microcausality
can occur in NCFTs in accordance with the Lorentz invariance. In Ref. [22], Greenberg
obtained that microcausality is violated for free scalar field on noncommutative spacetime
generally no matter whether θ0i vanishes or not. However we have pointed out in Ref.
[23] that there are some problems for the arguments in Ref. [22] for the result of the
microcausality violation. We obtained that microcausality is violated for the quadratic
operators of scalar field on noncommutative spacetime only when θ0i 6= 0 [23].
For the free Dirac field on ordinary commutative spacetime, we can obtain that micro-
causality is satisfied directly from Eqs. (3.12) and (3.13) according to the properties of the
fundamental anticommutators of Dirac field. However for the Dirac field on noncommutative
spacetime, because its fundamental Moyal anticommutators are not the c-number functions
[24], we cannot obtain the conclusion that microcausality is satisfied for Dirac field on non-
commutative spacetime from Eq. (3.14). We need to calculate the vacuum and non-vacuum
state expectation values for the Moyal commutator [ψα(x) ⋆ ψβ(x), ψσ(x
′) ⋆ ψτ (x
′)]⋆. As
demonstrated in Sec. II, this is also the demand of the physical measurements. In Sec. IV,
we argued that because the total energy of an actual field quantum system is always finite, the
non-vacuum state expectation value for the Moyal commutator [ψα(x)⋆ψβ(x), ψσ(x
′)⋆ψτ (x
′)]⋆
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is just equal to its vacuum expectation value. It is a universal function for an arbitrary state
vector of the Dirac field quantum system as that of the scalar field case [23].
In Sec. III, we obtained that microcausality is not satisfied generally for the Moyal com-
mutator [ψα(x) ⋆ ψβ(x), ψσ(x
′) ⋆ ψτ (x
′)]⋆ for some cases of the indexes α, β, σ, and τ , and
the result depends on the choice of the representation of γ-matrixes, as that given by Eqs.
(3.29) and (3.30). However, for the physical observables of Dirac field on noncommutative
spacetime such as the Lorentz scalar ψ(x) ⋆ ψ(x) and the current ψ(x)γµ ⋆ ψ(x), we have
obtained that microcausality is satisfied. For some other bilinear forms of the Dirac field
such as ψ(x)γ5 ⋆ ψ(x), ψ(x)γ5γµ ⋆ ψ(x), and ψ(x)σµν ⋆ ψ(x), we can also obtain that mi-
crocausality is satisfied for them on noncommutative spacetime. Therefore microcausality is
not violated for the free Dirac on noncommutative spacetime generally. We have not found
the violation of microcausality of free Dirac on noncommutative spacetime in accordance
with the Lorentz invariance, no matter whether θ0i vanishes or not. Therefore there does
not exist the information and interaction with the transmit speed faster than the speed of
light for the free Dirac on noncommutative spacetime.
For the free electromagnetic field on noncommutative spacetime, we can expect that
its microcausality property is similar to the free scalar field case, i.e., there may exist the
violation of microcausality for the free electromagnetic field on noncommutative spacetime
when θ0i 6= 0. As pointed out in Refs. [29,30], unitarity of the S-matrixes may be lost for
NCFTs when θ0i 6= 0. Therefore if we exclude the case of θ0i 6= 0 for the noncommutative
parameters θµν from the demand of the unitarity of the S-matrixes, microcausality is also
satisfied for free bose fields on noncommutative spacetime. However one can be conscious of
that it is rather difficult for us to consider that the time coordinate is in an unequal position
to the space coordinates even if the spacetime coordinates are noncommutative. For the
unitarity problem of NCFTs with θ0i 6= 0, some authors have devoted in searching for the
retrieving possibilities [31-33].
Although for the free fields on noncommutative spacetime there may not exist the vi-
olation of microcausality generally, and therefore there does not exist the information and
interaction with the transmit speed faster than the speed of light for the free fields on non-
commutative spacetime, except for the free bose fields for the spacetime noncommutativity
with θ0i 6= 0, there can exist the infinite propagation speed for the signals and interactions on
noncommutative spacetime as that indicated in Refs. [6-8], no matter whether θ0i vanishes
or not. On the other hand, the nonlocal interactions of NCFTs can result the existence of
lower dimensional light wedge [20]. This can result the effective spectral measures for the
expansions of quantum fields on noncommutative spacetime in the form of the light wedge
invariance as that constructed in Ref. [10] and therefore results the infinite propagation
speed inside the light wedge.
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APPENDIX: SELF-CONSISTENCYOF SPACETIMECOMMUTATIONRE-
LATIONS (1.3) WITH (1.1)
In this Appendix, we give a proof for the self-consistency of Eq. (1.3) with Eq. (1.1) for
the spacetime commutation relations. First we have the commutation relations (1.1) for the
coordinates at the same spacetime point
[xµ, xν ] = iθµν . (A1)
For a different spacetime point y we also have
[yµ, yν] = iθµν . (A2)
If we generalize the commutation relations (1.1) to two different spacetime points, then we
have
[xµ, yν] = iθµν . (A3)
At the same time equivalently we have
[yµ, xν ] = iθµν . (A4)
To introduce the difference ∆xµ between xµ and yµ, we have
xµ +∆xµ = yµ . (A5)
Similarly to introduce the difference ∆xν between xν and yν , we have
xν +∆xν = yν . (A6)
From Eqs. (A3) and (A6) we have
[xµ, xν +∆xν ] = iθµν . (A7)
To combine Eq. (A1) we obtain from Eq. (A7)
[xµ,∆xν ] = 0 . (A8)
Similarly, from Eqs. (A4) and (A5) we have
[xµ +∆xµ, xν ] = iθµν . (A9)
To combine Eq. (A1) we obtain from Eq. (A9)
[∆xµ, xν ] = 0 . (A10)
To use Eqs. (A5) and (A6), we can write Eq. (A2) as
[xµ +∆xµ, xν +∆xν ] = iθµν . (A11)
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To combine Eqs. (A1), (A8), and (A10), we obtain from Eq. (A.11) that the relation
[∆xµ,∆xν ] = 0 (A12)
should be satisfied, if the relations (A3) or equivalently (A4) are in consistence with the
relations (A1) or equivalently (A2). We can verify this equation.
To use Eqs. (A5) and (A6), we can write
[∆xµ,∆xν ] = [yµ − xµ, yν − xν ] . (A13)
To expand the right hand side of Eq. (A13), we have
[yµ − xµ, yν − xν ] = [yµ, yν]− [yµ, xν ]− [xµ, yν] + [xµ, xν ] . (A14)
To use Eqs. (A1)-(A4), we obtain
[yµ − xµ, yν − xν ] = 0 . (A15)
Thus Eq. (A12) is satisfied. This means that the relations (A3) or (A4) are in consistence
with the relations (A1) or (A2). Thus the generalization of the spacetime commutative
relations (1.1) defined at the same spacetime point to the spacetime commutative relations
(1.3) defined on two different spacetime points is reasonable. Or we can write Eqs. (A3) and
(A4) in the form of Eq. (1.3)
[xµ1 , x
ν
2] = iθ
µν . (A16)
We need to take notice that the origin of coordinates in noncommutative spacetime is not
a c-number either. It is also an operator. We can write it in the form of boldface as 0. We
have
[xµ, 0ν ] = iθµν , (A17)
and similarly
[0µ, xν ] = iθµν . (A18)
Thus we need to notice that xµ − 0µ = ∆xµ 6= xµ.
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